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Let X be a smooth projective curve. Here we give conditions on r, d, v (essentially, existence of special spanned line bundles on X with many sections) for the existence of a rank r spanned vector bundle E on X with rank(E) = r, deg(E) = d and h 0 (X, E) ≥ v.
Introduction.
Let X be a smooth projective curve of genus g ≥ 2 defined over an arbitrary algebraically closed field K. For any vector bundle E on X, call µ(E) := deg(E)/rank(E) the slope of E. A vector bundle E on X is said to be spanned if the natural map H 0 (X, E) ⊗ O X → E is surjective. Such bundles are important tools for the projective geometry of X because they are exactly the vector bundles associated to a morphism from X into a Grassmannian. A vector bundle E on X is said to be stable (resp. semistable) if for every proper subsheaf A of E we have µ(A) < µ(E) (resp. µ(A) ≤ µ(E)). In particular every line bundle is stable. A stable line bundle, E, on X is simple, i.e., every endomorphism of E is induced by the multiplication by some λ ∈ K. The stable vector bundles on X are the more interesting bundles on X from the point of view of moduli problems. The aim of this paper is the proof of the following result.
Theorem 0.1. Let X be a smooth projective curve of genus g ≥ 2. Fix integers r, k, m with r ≥ 2, k ≥ 2 and m > 0. Assume the existence of line bundles 
For line bundles the spannedness condition is important because only these line bundles correspond to morphisms from X to projective spaces. Similarly, only spanned vector bundles corresponds to morphisms from X into Grassmannians. If L ∈ Pic(X) has many sections, at least throwing away the base locus, B, we obtain a spanned line bundle
) and hence at least a morphism of degree deg(L) − length(B) < deg(L) to the same projective space. But if E is a vector bundle with r := rank(E) > 1 and E is a subsheaf of E spanned by H 0 (X, E), we may have rank(E ) < rank(E). Even if we assume rank(E ) = rank(E), the geometric properties of E may be very different from the ones of E. In particular E may be unstable even if E is stable. For instance as far as we know the sharper existence theorems for stable vector bundles with many sections on X produce stable bundles, E, such that E is a direct sum of line bundles (see e.g [6] ) and hence with E not stable, not simple and usually not even semistable. We hope to have convinced the reader that for rank r > 1 the Brill-Noether theory of stable vector bundles on X and the Brill-Noether theory of stable and spanned vector bundles on X are quite different and that both (but even more the second one) depends on the algebraic structure of X, not just its genus. Theorem 0.1 is easy to use both for curves with general moduli and for curves for which the classical theory of special divisor is known. The interested reader may see the case of plane curves in [5] . The proof of 0.1 uses a construction (see 1.1) made in [2] for the same purpose. Except for the use of this construction, the proofs are completely different from the ones in [2] .
Proof of 0.1.
The following construction of spanned vector bundles was made in [2] , Construction 1.1. Construction 1.1. We fix a vector bundle A on X and a rank t vector bundle M on X which is spanned by its global sections. We fix an integer x with t + 1 ≤ x ≤ h 0 (X, M ). We are looking for exact sequences on X:
Notice that if A is spanned, then any such E is spanned. Here we will construct all such bundles E, although in this paper we only use that the construction gives spanned bundles. Fix a linear subspace W ⊆ H 0 (X, M ) with dim(W ) = x and W spanning M . We want to find all exact sequences (1) such that the image of the map H 0 (X, E) → H 0 (X, M ) contains W . In particular we will obtain h 0 (X, E) ≥ h 0 (X, A) + x. Consider the Euler's sequence on the Grassmannnian G(t, x) seen as the Grassmannian of all (x − t)-dimensional linear subspaces of W :
Since W spans M , the universal property of the Grassmannian G(t, x) gives a morphism f :
Hence U is a vector bundle with rank(U ) = x−t, deg(U ) = − deg(M ) and U * is spanned by W * . Thus if M has no trivial factor, we have h 0 (X, U * ) ≥ x. The case x = t + 1 is very nice because in this case we have U * ∼ = det(M ). Fix j ∈ H 0 (X; Hom (U, A) ). The map j induces a map u(j) : U → A⊕O X ⊕x .
Recall that a subsheaf T of a locally free sheaf T on X is said to be saturated (or saturated in T ) if T /T has no torsion, i.e., if either T = T or T /T is locally free. Since W spans M , U is a saturated subsheaf of W ⊗ O X and u(j)(U ) is saturated in A⊕O X ⊕x . Hence Coker(u(j)) is a vector bundle. Set E := Coker(u(j)). We have rank(E) = rank(A)+rank(M ). By construction E has A as a saturated subbundle. By construction E fits in an exact sequence (1) . By construction the x chosen spanning sections of M are lifted to E. Now we check that this construction gives all such bundles. Take E fitting in (1) with h 0 (X, E) = h 0 (X, A) + x. Hence the image, W , of H 0 (X, E) into H 0 (X, M ) has rank x; if E is spanned, then W spans M and E is a quotient of A ⊕ W with U as kernel, i.e., we have an exact sequence
in which the map U → W is induced by (2) , while the map U → A obtained from (3) is our map j.
Lemma 1.2. Fix an integer r ≥ 2. Let X be a smooth curve of genus
≥ 1. Fix L i ∈ Pic(X), 1 ≤ i ≤ r −1, and M ∈ Pic(X) with deg(L i ) = deg(M )−1 for every i. Assume L i ∼ = L k if
and only if i = k and h 0 (X, Hom(L i , M)) = 0 for every integer i with 1 ≤ i ≤ r − 1 i.e., assume that there is no P ∈ X with M ∼ = L i (P ) for some i. Let E be a rank r vector bundle on X fitting in an exact sequence (1) with
A = L 1 ⊕ · · · ⊕ L r−1 .
Then E is stable if and only if it has no L i as a direct factor.
Proof. Assume the existence of a proper subbundle F of E with µ(E) ≤ µ(F ). Taking F with minimal rank we may assume F stable. Since µ(E) = deg(L 1 ) + 1/r and rank(F ) < r, we obtain
Hence the stability of F implies that either the induced map f : F → M is zero or it is surjective. Since A is semistable and
Since A is semistable, we obtain the existence of an integer i with 1 ≤ i ≤ r − 1 such that the compositions of the maps Proof. Since dim(W ) = 2, we have Hom(U, A) ) the bundle Coker(u(j)) has no L i as a direct factor. Thus we conclude by 1.2. Taking duals, from Lemma 1.2 we obtain the following result. Proof. Assume E unstable and take a proper subbundle T of E with slope µ(T ) ≥ µ(E). Taking such T with minimal rank we may assume that T is stable. First assume µ(T ) > µ(E). Since 1 ≤ rank(T ) < rank(E), we have µ(T ) ≥ µ(G) by the assumption on µ(G). Since G is stable, either the induced map α : T → G is zero or it is surjective. In the former case we have T ⊆ H. Since H is semistable, we obtain µ(T ) ≤ µ(H) < µ(G), contradiction. Now assume that the induced map α : T → G is surjective. If α is an isomorphism, then (4) splits, contradiction. If α is surjective but not an isomorphism, we have µ(T ) < µ(G) because T is stable. Hence we obtain a contradiction and prove that µ(T ) = µ(E), i.e., up to now we checked the semistability of E. If µ(T ) = µ(G) the map α is either 0 or surjective because G has no proper subsheaf of slope β with µ(E) ≤ β < µ(G) by the property of µ(G) and the stability of G. As above we obtain a contradiction and prove the lemma. A similar, but easier, proof give the following result. Hom(G, H) 
and hence under the assumptions of Lemmas 1.6 and 1.7 for any fixed G and H we always have non-split exact sequences (4). 
and that Theorem 0.1 is true on X for all ranks r < r. We take integers r , r , a, b with r > 0, r > 0, r + r = r, a + b = d and such that the pair of rational numbers (a/r ,b/r ) satisfies the assumption of the pair (µ(H),µ(G)) of Lemma 1.6. We apply the inductive assumption on r to find stable spanned bundles H, G with deg(H) = a, rank(H) = r , deg(G) = b and rank(G) = r . Then we apply Corollary 1.7. It is easier to prove the existence of spanned semistable bundles. Indeed we have the following result. Proof. If d = rk, set E = ⊕ 1≤i≤r L i . If rk < d < r(k + 1), just apply Theorem 0.1. However, notice that the proof of semistability in 1.6 (and hence for Theorem 0.1) was much easier than the proof of stability.
